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dx f(w) and its g(w) and its
43. Let w=+/x. Then dw = Nl SO derivatives integrals
x
dx =24x dw = 2w dw. W3* )
[sin Vx dx = [ (sin w)2w dw) W e
= 2Iw sin w dw 6w - -
Let u=w dv =sin w dw
du=dw v=-—cos w 6 - e
Iw sinwdw=—wcosw+.|.coswdw 0 "
=-wcos w+sin w+C
. v . v v IW3 e dw
Ism«/; dx = 2fw sin w dw 3 s
_ w w w w
==2wcosw+2sinw+C —w3e _32W6 towe” —6e” +C
= 2x cosvx +2 sin/x +C =W’ =3w" +6w—6)e" +C
2
| Ix7ex d=lJ.w3 e dw
44. Let w=+3x+9. Then dw=———(3)dx, 2
243x+9 _1,. 3 42 w
—E(w 3w +6w—6)e” +C
2 2
= — = — 2
so dx 3\/3x+9 dw 3wdw. :(x6—3x4+6x2—6)ex e
/ 2
Ie 349 gy = J.(ew)(gw dwj = gjw e dw
3 3 1
Let u=w dv =e" aw 46. Lety=Inr. Then dy= ;dr, and so
du=dw v=e" dr=r dy=e” dy. Using the result of
J.wew dw=we" _Iew dw Exercise 17, we have:
=we"” —e" Isin (In r) dr
=(w-1)e" = I(sin e dy
V3x+9 _ 2 w
Ie dx—gj.we dw =%ey(siny—cosy)+C
2
=30 —De" = L7 sin (In ) —cos (In )]+ C
_2( Ao 1) 349
=~ (Bx+9-1)e¥* 4 =L [sin (In r) = cos (In )] +C
3 2
2
45. Let w=x“. Then dw = 2x dx. 47. Let u=x" dv = cos x dx
2 2
Ix7ex dXZI(xz)sex de:%'[ws e" dw. du=nx""'dx v=sinx
_ . . -1
Use tabular integration with f(x)=w> and _[ x" cosx dx = x" sin x _I (sin x)(nx"""dx)
gwy=e". =x" sin)c—rz_[)c"_1 sin x dx
48. Let u=x" dv =sin x dx
du = nx""dx V=—CcosXx

In" sin x dx
= (x")(—cos x) —j(—cos ) (x" ) dx

=—x"cosx+ nI " cosx dx
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49.

50.

51.

52,

Let u=x" dv =e™ dx
du =nx""" dx v =leax
a
Ixneax dx
n 1 ax 1 ax n—1
=(x")| —e —I —e™ |(nx" dx)
a a
n _ax
_re —nI n=10% iy a#0
a a
Let wu=(nx)" dv =dx
n—1
du =M dx Vv=Xx
X

X

n—l1
j(ln x)" dx = (In x)" (x)— j ;{M} dx

=x(Inx)" - nI (Inx)"™" dx

(a) Let y=f"'(x). Thenx =f(y), so
dx = f’(y) dy. Hence,
[£7'G0) dx = [ () dy)
= [y () dy

(b) Let u=y dv=f'(y)dy
du=dy  v=f(y)
[yr»mdv=yrm=[fo) dy
= @@ -[ £ () dy
Hence,
[ )=y dy
=xf 0= [F () dy.

Let u= f_l(x) dv=dx

du=(if_1(x)jdx v=x
dx

[0 = xf_l(x)—fx[if‘l(x)jdx
dx

53. (a) Using y= f_l()c):sin_1 x and

fy) =siny, —% <y< %, we have:

Isin_lx dx = xsin”! x—_‘-sin vy dy

= xsin”! x+cosy+C

1

=xsin  x+cos (sin_lx) +C
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(b) j sin™! x dx

= xsin™! x—jx[disin_l xj dx
X

dx

] J‘ 1

=xsin x—|x

\ll—x2

u=1—x2, du =-2x dx

= xsin~! x+lju_l/2du
2

=xsin_1x+u1/2 +C

:xsin_lx—mll—x2 +C
(¢) cos (sin~lx) =v1-x?

54. (a) Using y= f_l(x) =tan~' and
fy)=tany, —% <y< %, we have:

Itan_lx dx
_ -1
= xtan x—jtany dy

1x—ln|secy|+C

=xtan
=xtan ' x+1In |cos y| +C

= xtan”' x+1In ‘cos (tan_1 x)‘ +C

(b) j tan™! x dx

= xtan ' x— Ix(itan_l x) dx
dx

=xtan_1x—fx( ! de

1+ x2

u=1+x2, du =2x dx

= xtan”! x—lj‘u_l du
2

= xtan”! x—lln|u|+C
2

:xtan_lx—%ln (1+x)+C

1
\/1+x2

1 2
=——In(1+x
> ( )

(©) ln‘cos (tan_lx)‘ =In
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400 Section 7.3

55. (a) Usingy=f"'(x)=cos ' x and 57. Letu =secx dv =sec? xdx
f(y) =cos x, 0 <x < 7, we have: du = sec x tan x dx v =tanx
Icos_lx dx = xcos ™ x— J'cos ydy Isec3 xdx
=xcos_1x—siny+C =secxtanx—.[secxtan2xdx
= xcos™! x—sin (COS_]X) +C =sec xtan x — jsec x(sec2 x—1dx

(b Icos_lxdx :secxtanx—fsec3xdx+Isecxdx

—1 d _1 Isec3 xdx
= XCOS x—jx —cos  x |dx 3
dx =secxtanx—fsec xdx+ In|sec x + tan x|
= xcos_l _x_J.x[_\/l_zJ dx Add J‘SCC3 xdx to both sides.
1-x

2.[5603 xdx = sec xtan x + In|sec x + tan x|
_ 2 _
u=1-x",du=-2xdx

. . 1
— yeos~! x—%ju_l/z du Multiply both sides by 5

3
= xcos x—u?+C ISCC xdx
:xcos_lx—\ll—x2+C :%(secxtanx+ln|secx+tanx|)+C
. 1 _fi_ .2
(c) sin (cos x)=Vl-x 58. Letu=cscx dv =csc? xdx
) -1 du =—csc x cot x dx v=—cotx
56. (a) Using y= f (x) =log, x and jcsczxdx

f(y»)=2", we have

=—cscxcotx—jcscxcot2 xdx
Ilogz x dx = xlog, x—I2ydy

=—cscxcotx— j csc x(csc2 x—1dx

2y
=xlogy, x———+C :—cscxcotx—J.csc3xdx+Icscxdx
In 2
= xlog, x— 1 plog, x J.CSC3xdx
In 2
=—cscxcotx—_|.csc3xdx—ln|cscx+cotx|
(b) Ilogz x dx = xlog, x—h[%logz xj dx Add Icsc3 xdx to both sides.

1 2.[0503 xdx = —csc xcot x—Inlesc x + cot x|
= xlog, x—jx[ j
xIn2

. . 1
dx Multiply both sides by 3
“losx- 35

{ jcsc3 xdx
=xlogy x—| — [+C 1
In 2 :—E(cscxcotx+1n|cscx+cotx|)+C
1
(c) 2°82% =x Quick Quiz Sections 7.1-7.3
1. E
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2. C; Jx=sin y; x =sin? y; dx =2sin ycos y dy

x=0 = siny = Jo = y=0

x—l = sin = ﬁ = _Z
2 Y 2 Y7y

II/Z Jx 0

0 1-x

=2.[7r/4 sin y
0 \Il—sinzy

/4 .2
—2_[0 sin” y dy

siny cosy dy

. A, J.xezxdx
er
dv = e dx = J.ezxdx =
Uu=x du=dx
2x 2x 2x 2x
L) Lol e
2 2 4

. (a)

(b) Let ?=2 and y = 2x + b in the
X

differential equation:
2=202x+b)—4x
2=2b
b=1

(¢) First, note that ? =2(0)—4(0) =0 at the
X

point (0, 0).
2
Also, Y =4 oy _ayy =2 Y _y,
dx?  dx dx
which is —4 at the point (0, 0).
By the Second Derivative test, g has a
local maximum at (0, 0).
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Section 7.4 Exponential Growth and Decay
(pp. 354-365)

Exploration 1 Choosing a Convenient Base

1. 2y5=y2"

2=2%"
Sh=1

h= %, h is the reciprocal of the doubling

period.

2. 3=2
log3 = %tlog2

dlog3 =1 ="7.925 years.
log 2

3. 3y0 = y03h.10

31 _ 310
=t
10

h is the reciprocal of the tripling period.

4. 2 =3
1
log2 =—rtlog3
g2=tlog

10log 2
log 3

hel5
1 1
5. —yy=yo| =
2)’0 )’0(2)
[l)l _(ljls}l
2 2

h is the reciprocal of the half-life.

Lt
6. .10=[lj
2

1 1
log(0.10) = —tlog| —
o 10= i1

M =t=49.83 years.
log(3)

Quick Review 7.4

=1t =6.3093 years.
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402 Section7.4

2. c=Ind Section 7.4 Exercises
3. In(x+3)=2 L [ydy=[xadx
x+3=¢’ v X

x=e¢’-3 7=7+C
2% =()* +C
4. 100e** =600 ()ng)
2
e =6 y= x% +3, valid for all real numbers
2x=1In6 ’
1
x=2In6 2. [ydy=—[xdx
2 2
y _ X

5. 0.85°=25 =5 ¢
In0.85 =1n 2.5 3 =—4)?> +C
xIn 0.85=1n 2.5 Cc=25

In 2.5
x=—2 y=125-x2, valid on the interval (5, 5)
In 0.85
1 1
6. okl — 3k 3. [—dy=]~ax
y X
k+l _ gk
2 =In3 In|y|=In|a|+C
(k+1)In2=kIn3 e
In2=k(In3-1In2) o] =+
2 ézgw
In3-In2 y = x, valid on the interval (0, o)
t_

7. 1.1' =10 . 1 e [2e g
Inl.1" =In10 . j; y=[2x dx
tInl.1=1n10 s

10 1 In y=x"+C
= = 2 2
Inl.1 logl.l [y|=e 7€ =eCe”
2
| y=Ae*
8. 2=z 2
4 3=A4¢°
2 ln( j 3=4
Dr=Inl = )
4 y =3e* , valid for all real numbers
t=—%ln(ij=%ln4=ln2 p
5. [ = [(x+2) dx
y+

9. In(y+1)=2x-3

2
y+l=e23 1n|y+5|=x7+2x+C
2x-3
=-l+e 2 )
Y |y+5| = 124+2x+C :eCex /24+2x
2 2
10. In|y+2/=3t-1 Y45 = eCo¥ 12N _ X /242
- 2
[y+2| =" Y= AeT 22 s
y+2 =23 y=6eF 12425 _s)
y=-2+¢%"! valid for all real numbers.
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6.

10.

4y _
Icoszy Idx

tany=x+C
tan (0)=0+C
C=0

1

y=tan " x, valid for all real numbers.

d e
D os x Ve ®

dx
je_y dy = .[cos x MY dx

—e V=Y 4

_eO — esin 0 +C

C=-2
y=—In (2e—e*™*), valid for all real
numbers.
b _ e Ver
dx
Iey dy = Iex dx
e’ = +C

Czez—eozez—l

y=In (¢ + e - 1), valid for all real numbers.

J.i dy = I—Zx dx
2
y
—yl=—x?+C
L =1+C
25
Cc=3
y= ;, valid for all real numbers.
x“+3

dy 4y Inx

dx X
dy 4Inx
fﬁ ==

u=In x

du=ldx

X
2y = [4u du
2y =2 +C

y=(n x)*+C
1=(n e)+C
C=0

y=(In x)4, valid on the interval (0, ).
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11. y(0) = yoekt
y(1) =100e"*

12. y(1)= yOekt
y(t) = 2000

13, y(0)= ypel
y(t) = 50e
¥(5) =100 = 50¢>
7= eSk
In2 =5k
k=021n2

Solution: y(#) =50e
y(t) = 50-20%

(0.2 In2)t or

14. y(t)= yOekt
y(t) = 60X

$(10) = 30 = 60e' %%
L ok
e

In—=10k
2

k=0.11n%=—0.11n2

Solution: y(r) = 60e~ (1121 o

y(t)=60-27""1°

15. Doubling time:
A(t) = Age”
2000 = 1000¢"-086
5 = 00861
In 2 = 0.086¢
In2

~ 0.086
Amount in 30 years:

A=1000¢0989C0 _¢13197.14

t ~8.06 yr

16. Annual rate:
At) = Age”
4000 = 2000 1)
7= el5r
In2=15r

r= % =0.0462 =4.62%
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404 Section7.4

Amount in 30 years:
A(r) = Age”

A = 200011 2/15130)
=2000¢> "2
=2000-27
= $8000

17. Initial deposit:
At) = Aye”
2898.44 = Aoe(0.0525)(30)

2898.44
Ay = s " $600.00

Doubling time:
A(t) = Aoe”
1200 = 600¢%-0525¢
5 = 005251
In 2 =0.0525¢
In2

t=———=13.2 years
0.0525

18. Annual rate:
At = Age”
10,405.37 = 120030
1040537 _ o,

12
104.0537
n——=

12

1 30r

1 . 104.0537
r=—In———
30

Doubling time:
At = Aye
2400 = 1200072
5 = 0072
In2=0.072
In2

=
0.072

=9.63 years

19. (a) Annually:
2=1.0475"
In2=1¢1n1.0475

r= _In2 14.94 years
In 1.0475

=0.072=7.2%

(b) Monthly:

12¢
5 (1 N 0.0475)
12

0.0475j
1

In2=12¢ In (1+

In 2

T12mn (14+005)

! ~14.62 years

(¢) Quarterly:

4t
2 =(1+%)

In2=4t1n1.011875
In 2

t=——————~14.68 years
41n1.011875

(d) Continuously:

5 = 04751

In 2 =0.0475¢
[ = In 2

0.0475

=14.59 years

20. (a) Annually:

2=1.0825"
In 2=¢ In 1.0825
In 2

t=————~8.74 years
In 1.0825

(b) Monthly:

12¢
2= 1+%
12

In 2

=————— ~ 843 years
12 In (1+00825)

(¢) Quarterly:

4¢
2 =(1+%j
4

In 2 =4¢1n 1.020625
In 2

t=————— ~8.49 years
41n 1.020625

(d) Continuously:

5 = 008251
In 2 =0.0825¢
[ = In 2

0.0825

= 8.40 years
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21. @ =-0.0077y
dt

j é dy = [-0.0077 dr

In y =-0.0077¢
In(4
= ( 2) =90 years
—-0.0077
dy
22, —=-—
dt 4

ji dyzj(—k)dt

In y=—kt

k =0.01067

23. (a) Since there are 48 half-hour doubling
times in 24 hours, there will be

248 ~2.8x10'* bacteria.

(b) The bacteria reproduce fast enough that

even if many are destroyed there are still

enough left to make the person sick.

24. Using y = yoe"’, we have 10,000 = y,e**

and 40,000 = yye**. Hence
0€

which gives 2k = 4, or k=1In 2. Solving

10,000 = yoe’™™ 2, we have y, =1250. There

were 1250 bacteria initially. We could solve
this more quickly by noticing that the
population increased by a factor of 4, i.e.,

doubled twice, in 2 hrs, so the doubling time is
1 hr. Thus in 3 hrs the population would have
doubled 3 times, so the initial population was

10,000

>3 =1250.

25. 09=¢01%
1n0.9=—-0.18¢

=109 585 day
0.18

26. (a) Half-life=""2= "2 _ 386 days
kK 0.005

40,000  ype™*
10,000y, 3’

Section 7.4 405

(b) 0.05 — e—0.00St
In0.05 = —0.005¢
¢ =-10005_ 509 15 days
0.005
The sample will be useful for about
599 days.

. Since y; = y(0) =2, we have:

y= 26
5=1202)
In5=1In2+2k
k =@= 0.5In2.5
Function: y = 2e03 1237 op y = 2043811

. Since y, = y(0)=1.1, we have:

y= 1.1eM
3=1.1H

In3=Inl.1-3%
k Z%(lnl.l—ln:%)
Function: y=1.1eIn1-1-1n31/3 4,

y = 1.1¢70-33441

. 3 .
. Attime 1= ;, the amount remaining is

yoe K = yye¥3/0) = y 73 < 0.0498y,. This
is less than 5% of the original amount, which
means that over 95% has decayed already.

T-T,=Ty-T,) ¢
35-65= (T —65)e F1O
50-65 = (Ty — 65)e"F20

Dividing the first equation by the second, we
have:

5 = IOk
k =iln2
10

Substituting back into the first equation, we
have:

-30=(T, - 65)e_[(1“ 2)/10](10)

~30 = (T, — 65) [%j

~60 =T —65

The beam’s initial temperature is 5°F.
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406 Section7.4

31. (a) First, we find the value of k.
T-T,=Ty-T,)e ™
60—20 = (90 —20) =10

4 _ ok

7

k= _L In 4
10 7

When the soup cools to 35°, we have:

3520 = (90— 20) V1O I (/DI
15 = 7010 In (47

3 1, 4
In—=| —In— |t
14 (10 7)

3
- 10n(3)

4
In($)
It takes a total of about 27.53 minutes,

=~ 27.53 min

which is an additional 17.53 minutes after

the first 10 minutes.
(b) Using the same value of k as in part (a),
we have:
T-T,=(Ty-T,)e ™

10 1. 4
In—=| —In— |t
21 10 7

IOInEI(D
~13.26

m

It takes about 13.26 minute

=

32. First, we find the value of k. Taking “right
now” ast =0, 60° above room temperature

means Ty — 75 = 60. Thus, we have
T-T,=Ty-T,)e ™

70 = 60eH20
eZOk

@ T-T,=(T~T,) e

It will be about 53.45°C above room
temperature.

(b) T-T,=(Ty-T,) e ™
60(3(_(1/20) In (7/6))(120) ~23.79

It will be about 23.79° above room
temperature.

(© T-T,=(Ty-T)e™
10 = 606(_(1/20) In (7/6))t

t =————>=232.47 min

It will take about 232.47 min or 3.9 hr.

33. (a) T-T,=79.47(0.932)

34.

(b) T =10+79.47(0.932)'

[0, 35] by [0, 90]

(c) Solving T =12 and using the exact values
from the regression equation, we obtain
t=52.5 sec.

(d) Substituting ¢ = 0 into the equation we
found in part (b), the temperature was
approximately 89.47°C.

(a) Newton’s Law of Cooling predicts that
the difference between the probe
temperature (7') and the surrounding

temperature (7y) is an exponential
function of time, but in this case T =0,
so T is an exponential function of time.

(b) T =79.96x0.9273

[-0, 40] by [0, 86]
(¢c) Atabout 37 seconds.

(d) 76.96°C
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In 2

35. Use k= (see Example 5).
5700
M =0.445
—kt =1n 0.445
_ In0445
k
__ 57001n 0.445 ~ 6658 years
In2
Crater Lake is about 6658 years old.
36. Use k= In 2 (see Example 5).
5700
@) ¢ =0.17
—kt =1n0.17
_In0.17
k
_ ~57001n0.17 ~ 14,571 years
In2

The animal died about 14,571 years
before A.D. 2000, in 12,571 B.C.E.

() e =018
—kt=1n0.18
n0.18
k
_57001n0.18

In
The animal died about 14,101 years
before A.D. 2000, in 12,101 B.C.E.

= 14,101 years

© ¢¥=016
—kt=1n0.16
In0.16
ok
57001n0.16

=———=15,070 years
In2

The animal died about 15,070 years
before A.D. 2000, in 13,070 B.C.E.

37.

LG
1_ 02
2
1
t= ln(2) =3.15 years
-0.22

Section 7.4 407

=12.60 years

39. y= yoe_kt
800 = 1000e" V1)

0.8=¢ 10k
k= In0.8
10

y= 1000 (—1n0-8/10)24

=1000e>41M08 ~ 585 4kg
About 585.4 kg will remain.

40. 02=¢0F
1n0.2=-0.1t

t=-10In0.2 =16.09 yr

It will take about 16.09 years.

41. (a)

dp

@ _y
an P
Pk an
p

jd—pzjkdh

In|p|=kh+C
Pl _ knC

|p| = eC e

= A
Initial condition: p = p, when A =0
Do = A

A=p0

Solution: p = poekh

Using the given altitude-pressure data, we
have pgy =1013 millibars, so:

p=1013e"

90 = 101320
90 20k

1013

L2 0121 km™!

k=—
20 1013
Thus, we have p = 101370121
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42,

43.

44.

45.

Section 7.4

(b) At 50 km, the pressure is
101 3e((l/zo) In(90/1013))(50)
= 2.383 millibars.

(©) 900 =1013"
900

200 _,
1013
1. 900
=—In
k1013
_201n(%)
In(o05)

= 0.977 km

The pressure is 900 millibars at an altitude

of about 0.977 km.

By the Law of Exponential Change,
y= 100e 790" At r=1 hour, the amount
remaining will be 1007060 ~ 54,88 grams.

(a) By the Law of Exponential Change, the

solutionis V = Voe_(ll 40y

(b) 0'1 — e—(l/40)t
In0.1=—"—
40

t=-40In0.1=92.1 sec
It will take about 92.1 seconds.

(a) A@t)=Aye’
It grows by a factor of e each year.

b) 3=¢
In3=¢
It will take In 3 =1.1yr.

(¢) In one year your account grows from Ag
to Ape, so you can earn Age—Ag, or

(e — 1) times your initial amount. This
represents an increase of about 172%.

In90 =100~
_1n90
100

=0.045 or 4.5%

r

(b)  131=¢"0100)

In131=100r
= B3T 6049 or 4.9%
100

46.

47.

48.

49.

(@) 2yp=ype"
2 — ert
In2=rt

_n2

r

t

(b)

[0, 0.1] by [0, 100]

(¢) In2=0.69, so the doubling time is w
r

which is almost the same as the rules.

d) 75—0 =14 years or % =14.4 years

(e) 3yp=yo¢"
3=,
In3=rt
_in3
r
Since In 3 = 1.099, a suitable rule is
108 108
or—.
1007 i
(We choose 108 instead of 110 because
108 has more factors.)

t

False; the correct solution is | y| = ekx+C  which

can be written (with anew C) asy = ceX.

True; the differential equation is solved by an
exponential equation that can be written in any

base. Note that Ce?’ = C( 3k ) when k =%.
n

D; A(t) = Aye”

2=1¢""

FZM=0.099

;:w:u 1
0.099
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1 tlr
50. C; A=A [5)

1\
1= 100(—}
2

In(.01)= @ln(O.S)
r

L_1991n(0.5) _
1n(0.01)

51. D

52. E; T-68=(425-68)e X
195—68 =357¢ 30k

o0k 127 _ 6 256
357
L In0356) o
100 = 68 + 3577003441
100—68
Il 357
t=—>>" 7 70 min
—0.0344

70-30=40

53. (a) Since acceleration is?, we have
t

Force = mﬂ =—kv.
dt

(b) From mﬂ =—kv we get ﬂ = —ﬁv,
dt dt m

which is the differential equation for
exponential growth modeled by

v=Ce KMt Since v = vo at 1=0, it
follows that C =vy.

(¢) In each case, we would solve

2 =¢~(k/mt 1f k is constant, an increase
in m would require an increase in ¢. The

object of larger mass takes longer to slow
down. Alternatively, one can consider the

. dv k
equation — =——7v to see that v changes
dt m

more slowly for larger values of m.

Section 7.4 409

54. () st =[rge M =0T KM 4

Initial condition: s(0) =0

0=—"-+C
k
WM _
k
s(t)=— Vo ~(k/my , Yo
k k
_ Yo (1=~ KIm)ty
k
(b) lim s(r) = lim ~0 (1 — g~k/miry - T

=00 t—eo k k

Vom . .
55. T = coasting distance

(0.80);{49.90) 1

(8
33

We know that % =1.32 and

k_ 998 20
m  33(49.9) 33
We have:

5(1) =%(l_e—(k/m)t)

=1.32(1—¢20733)
~1.32(1— ¢ 0-6061)

A graph of the model is shown superimposed
on a graph of the data.

[0, 4.71 by [0, 1.4]

56. % = coasting distance
(0.86)(30.84) _ 0.97
k
k =27.343

s(t) = _v(;{m (1- e_(k/m)t)

s(1) =0.97(1— e—(27.343/30.84)1)
s(1) = 0.97(1 — ¢~0-88667)

A graph of the model is shown superimposed
on a graph of the data.
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410 Section 7.4

[0, 3] by [0, 1]

57. (a) X (1+L)"
X
10 2.5937
100 2.7048
1000 2.7169
10,000 2.7181
100,000 2.7183
e=~2.7183
M) r=2
2
x (1+3)
10 6.1917
100 7.2446
1000  7.3743

10,000  7.3876
100,000  7.3889

e ~7.389
r=0.5
0.5\*
X (1+2)
10 1.6289
100 1.6467
1000 1.6485

10,000 1.6487
100,000 1.6487
03 =~1.6487
(¢) As we compound more times, the

increment of time between compounding
approaches 0. Continuous compounding is

58. (a)

based on an instantaneous rate of change
which is a limit of average rates as the
increment in time approaches 0.

To simplify calculations somewhat, we
may write:

at at~ at
V(l) (6—
\’ (e +e~)et!
2at
B
k 2t 1
mg (> +1)-2
k 2 41

mg 2
= /_ 1-
k e 1]

The left side of the differential equation

% =m /%(2)(&“ +1)72(2ae*™)

= 4ma %(62“’ +1)72 (%)

=4m ﬁ %(6211[ +1)—2(62at)
Vm \ k

2at

_ 4mge
(62(1[ + 1)2
The right side of the differential equation
is:

mg — v’

2
B
k @il
2 2
=mg| 1=\ 1= 2at
e +1

=mg|1-1+ 4 4
eZat+1 (62at+1)2

4> +1)—4
(e2at +l)2

_4mg o2t

- ( J2at +1)2

Since the left and right sides are equal, the
differential equation is satisfied.

0 0
And v(0)= |8 %:0, 50 the
k ¢ +e

initial condition is also satisfied.

=m
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mg o _pmat at M dP . .
(b) lim v(t) = lim | ,[—2 . 3. When P=—, — =kP(M —P) is atits
{300 {300 oM ot at 2 dt
maximum.
. mg 1—e 24
= thenolo 7—1 out 4. When the initial population is less than M, the
te initial growth rate is positive.
_ |mg(1-0
"\ & L1+0 5. When the initial population is more than M,
the initial growth rate is negative.
ng
k 6. When the initial population is equal to M, the
m growth rate is 0.
The limiting velocity is , /—g
k 7. lim P(t) = M, regardless of the initial
t—o0
population. The limit depends only on M.
© (8= |10 179 fissec
k .. .0'005 _ Quick Review 7.5
The limiting velocity is about 179 ft/sec,
or about 122 mi/hr. x+1
2
Section 7.5 Logistic Growth (pp. 366—375) L ox —ljx )
X —X
Exploration 1 Exponential Growth Revisited X
" x—1
1. 100(2) “ = 409,600 1
1
2. 100(2)** = 4.97x10% i
x—
3. No; this number is much larger than the
estimated number of atoms. 1
2. X2 —4)x?
4. 500,000 =100(2)* X —4
1083000 _ | _ 1229 hours 4
log2 4
1+ 3
x° =4
5 y
L 1
500,000 3. X2 4x-2 |2 +x+1
i x> +x=2
L 3
: 1+ 2;
L X" +x-2
L .
0 X
4. »* —1j -5
Exploration 2 Learning From the Differential * x3
Equation R
x=5
dpP . .
1. — will be close to zero when P is close to 0 x=5
dt X+ 5 )
and when P is close to M. T
5. (—zxv, zx7)

2. P is half the value of M at its vertex.
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10.

Section 7.5

lim 60 = 60 =60
x>0 45701 1+5(0)

As x — —o0, —0.1x — o0, and ¢ ¥ 5 0, 50
o] 457011
y(0)=— 10

145 0100

From problems 6 and 7, the two horizontal
asymptotes are y = 0 and y = 60.

Section 7.5 Exercises

1.

A(x—4)+B(x)=x-12

x=4, 4B=-8
B=-2
x=1, Al=-4)+(=2)1)=1-12

A=3

A(x=2)+B(x+3)=2x+16
x=2, B2+3)=2(12)+16
5B=20
B=4
x==-3, A(-3-2)=2(-3)+16
-5A=10
A=-2

A(x+5)+B(x-2)=16—x
x=-5, B(-5-2)=16—(-5)
-7B =21
B=-3
x=2, A2+5)=16-2
TA=14
A=2

4. A(x+3)+B(x-3)=3

x=-3, B(-3-3)=3
—6B=3
p=_1
2
x=3, AG+3)=3
6A=3
1

A=—
2

. See problem 1.

x-12 3.2
Ix2_4 x—j(;+x_4jdx

=3 In|x]-2 In|x—4[+C
[

1 l+cC
(x—4)°

=In

. See problem 2.

2x+16

x2+x—6

giEaeot
x+3 x-2

= —2In|x+3|+4In|x-2|+C
4
=1In (x=2) +C
(x+3)°

2x

dx

x% —4)25°
2x3 —8x
8x

I[2x+ 28x ]dx
x =4

u=x*-4
du =2x dx

x2+4j@=x2+41n|u|+c
u
= x> +In(x? -9t +C

1

¥ -9)x? -6
x2—9
3
I1+ 3 dx=x+I A + B dx
x2—9 x+3 .x_3

Ax-3)+B(x+3)=3
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x=3, B3+3)=3
B=1
2
x=-3, A(-3-3)=3
A=—L
2
_1 1
x+I—2+ 2 _dx=x+1In
x+3 x-3

X+

1

9. 2_[ 2dx =2tan"

x“+1
10. 3f dx =tan‘1[fj+c
x2+9 3

11. I%dx
2x“—=5x-3
A B 7

x+C

2x+l+x—3_(2x+l)(x—3)
A(x-3)+BQx+1)=7
x=3, BQR)+1)=7
B=1

x=-1, A(—l—3j =7
2 2

A==2

I —2 + 1 de=In x=3 +C
2x+1 x-3 2x+1

1-3x
12. [——%
I3x2—5x—3

A N B 1-3x
3x=2 x—-1 (@Bx=2)(x-1)
Ax—1)+B(Bx-2)=1-3x
x=1, B3(1)-2)=1-3()

=2
2
xX=—,
3
A=(2_1)=1_3(2j
3
L
3
A=3

I[ 3 +_—2jdx
3x-2 x-1
= In[3x—2|-2In|x-1]+C

3x—-2
(x—1)?

=1In +C

Section7.5 413

8x-17
B J.2)c2—x—3
A " B 8x-7
x+1 2x-3 (x+D2x-3)
ARx-3)+B(x+1)=8x-7

x=-1, A2x-3)=8x—-7
A(-2-3)=8-7
—5A=-15
A=3

j(i+ : jdx
x+1 2x-3
=3In|x+1|+In2x-3|+C
=tn(jx+1] pa=3]] +C

5x+14

x2+7x

A B 5x+l14

X x+7_x(x+7)
A(x+7)+Bx=5x+14
x=-7, -T1B=5(-7)+14

-71B=-21
B=3
x=0, A0+7)=5(0)+14
TA=14
A=2

2 3
J‘(_Jr—jdx:zln |x|+31n |x+7|+C
x x+7

14.

dx

~tn (?[v+ 7] )+ C

2x—6
15. [dy =jx2x_ -

A B _ 2x—-6
X x—2_x(x—2)
A(x—2)+Bx=2x-6
x=2,2B=2(12)-6
2B=-2
B=-1

dx
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16.

17.

Section 7.5
x=0, A(0-2)=2(0)-6

—2A=-6
A=3

s )

x x-2
y=3In|x|-In|x-2[+C
3

y=In +C

x=2

jduz

A, B _ 2
x+1 x—1 (x+D(x=1)
A(x=D)+B(x+1) =
x=1, B+ =2
2B=2
B=1
x=-1, A(-1-D)=2
2A=2
=-1

u=—1n|x+1|+1n|x—1|+C
-1
x+1

u—ln +C

dx

, 2
jF(x)dx_jx3_x
A B  C _ 2

+ =
x x+1 x-1 x(x+D)(x-1

Ax+D(x=D+Bx(x—1D)+Cx(x+1)=

x=1,2C=2
Cc=1
x=-1,2B=2

-2 1 1
I —+—+—|dx
(x x+1 x—l)

F(x)==2In|x|+In|x+1/+In|x-1|+C

-1
F(x)=In|—|+C
X

18. jG(r)dt_j—dt

2

£t j2t3
263 — ¢
2t

=I2+32—tdz
7 —t

=2t+J‘2Ldl
-1

A B 2

t—1 t+1 (t D(E+1)
At+D)+B(-1)=
t=-1, B(—l—l):z
-2B=2
B=-1
t=1, Ad+D) =2
2A=2
A=1

-1
G() = 2z+j[(t_1) (z+1)jdt
=2t+ln|t—l|—ln|t+l|+C

—2t+ln +C

r—1

19. | xzzx

u=x>—4
du =2x dx

jﬂ=1nu+c=1n‘x2—4‘+c
u

J- 4x-3

20. dx

252 —3x+1

u=2x>-3x+1
du=(4x-3) dx

jﬂ=1nu+c=1n‘2x2—3x+1‘+c
u
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21.

22,

23.

24,

25.

2
J-x ;—x ldx
x“—x

1
¥ —x)x? +x—-1
2
x“—x

2x—1

[[H 2)‘"1de
2
X —X
2

u=x —Xx

du=Q2x-1)dx

x+Iﬂ=xlnu+C=x+ln‘x2 —x‘+C
u

2x

j[2x+ 22’“ jdx

x“ =1

u=x*-1
du =2x dx

d
x2+I—u=x2+lnu+C=x2+ln‘x2—1‘+C
u

(a) 200 individuals
(b) 100 individuals

(o @ =0.006(100)(200—-100)

= 60 individuals per year.
(a) 700 individuals

(b) 350 individuals

(©) dP<d350> =0.0008(350)(700 - 350)

=98 individuals per year.

(a) 1200 individuals

(b) 600 individuals

(©) @ = 0.0002(600)(1200 — 600)

=72 individuals per year.

Section 7.5 415
26. (a) 5000 individuals

(b) 2500 individuals

© @ —1075(2500)(5000 — 2500)
t

= 62.5 individuals per year.

27. % _0.006 P00-P)
dt
J‘ dP
P(200- P)
A, B 1
P 200-P P(200-P)
A(200— P)+BP =1
P =200, 2008 =1
B =0.005
P=0, A(200-0)=1
2004 =1
A=0.005

J- 0.005 N 0.005 AP = 0.006¢
P 200-P

J‘i+ ! dP =1.2t
P 200-P

In P—1n (200—P)=1.2t+C
In (200_Pj=—1.2t—c
P

200 | 1o

200 _

= .[0.006 dt

l4+e 121 ¢

200 _ 4 1200 ¢

[-1, 7] by [0, 200]
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416 Section 7.5

28. 62—1; =0.0008 P(700-P)

J- dpP
P(700-P)
é+ B _ 1

P 700-P P(700-P)
A(700—P)+BP =1
P =700, 700B =1
p=_L
700
P=0, A(700-0)=1
1

A=—
700

1 1
j 700, 700 | gp = 0.0008¢
P 700—P

ji+ L )ap=o0s56r
P 700-P

In P —In(700— P) = 0.56t + C
In (700_1)) =-0.56t—C

= _[0.0008 dt

700, _ 0561 ¢

700

700 _ |, ,-056(0)

1+
10

e ‘=69

e T e S e
= o
e

Y

L e

[-1, 15] by [0, 700]

dP

29. i =0.0002P(1200- P)

dpP
j P00 = jo.oooz dt

A B 1

=1+1f056t€_c

A(1200-P)+BP =1
P =1200, 12008 =1
1

B=——
1200

P 1200—P P(1200-P)

P=0, A(1200-0)=1

1200A =1
4o L
1200
1 1
J- 1200 L 1200 | 7p — 0.0002¢
P 700-P

j 1o U Vap=o24r
P 1200—P

InP-1n(1200-P)=0.24t +C
In [%j =-024¢-C

1200 _, _ 0241 ¢
P
1200 _ |4 0241 ¢

1200 _, | ,024(0)

20
e ‘=59
p= 120?) 24
1+59 ¢ 541

P o e o
PR Er LY
P
P
P )
P ey
PRI ErrY
ol i o

i o

[-1, 30] by [0, 1200]

30. 9P _ 1675 p(5000-P)
dt
J'd—P:J]o‘S dt
P(5000-P)
A, B 1
P 5000-P  P(5000-P)
A(5000—P)+BP =1
P = 5000, 50008 =1

B =0.0002
P=0, A(5000-0)=1
5000A =1
A=0.0002
I(o.oooz . 0.0002 ) AP =10-51
P 5000-P

j S S
P 5000-P
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In P~1n (5000~ P)=0.057+C
In (%) =-0.05¢-C

5000 0,051 ¢

2 i=e

5000 _, , ,~0.051 ¢

5000 _, , ,-0.05(0)

—C
e =99
P ~0.051
1+99¢
" T e e o -
it o P
AR
PN
LR P g
LA g T
R/ O
EaF g o
R
e T e

[-1, 200] by [0, 5000]

1000

1+ 64'8_0'7 t

1000

1+ e4.8—0.7t

_ M
1+ Ae™ MK
This is a logistic growth model with

M =1000and k = 07 =0.0007.
1000

31. (a) P(¥)=

b POy=_20 _¢

1+ 64'8
Initially there are 8 rabbits.

200

1+

200
1+
_ M
1+ Ae~ Mkt
This is a logistic growth model with

32. (a) P(t)=

M =200 and k =L =0.05.
200

200

1+e>3

Initially 1 student has the measles.

(b) PO)= 1

33. (a)

(b)

34. (a)

Section 7.5 417

‘;—I; =0.0015P(150~-P)

=kP(M — P)
Thus, k = 0.0015 and M = 150.
M 150

1+ Ae MK 4 7, 02250
Initial condition: P(0) = 6
150
1+ Ae°
1+A=25
A=24

P:

6=

150

Formula: P = m

150

1424702251
3

100 =

™ |

40225t _ 1
2
02250 _ 1
48
—0.225¢t=~1In 48

. In 48
0.225
150

14 24¢70-22551
6

—

=~17.21 weeks

125 =

1424702257 =

W |

onp-0225t _ 1
5
02250 _ 1
120

—0.225¢t=—1In 120

=120 5 5

0.225

It will take about 17.21 weeks to reach

100 guppies, and about 21.28 weeks to
reach 125 guppies.

‘;_P =0.0004P(250 - P) = kP(M — P)
1

Thus, k£ =0.0004 and M = 250.
M 250

P = =
1+ Ae Mkt 14 A 0l

Initial condition: P(0) = 28, where ¢ = 0 represents

the year 1970.
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28 = 250 .
1+ Ae
28(1+ A) =250
A :@—1 :E =7.9286
28 14
Formula:
P(t)= L, or approximately

1+111e7%1 /14
250

Pl)=— 2
1+7.9286¢ 01

(b) The population P(f) will round to

250 when P(f) = 249.5.

249.5 = 250

—0.1¢
249.5) 1+ 11€ " | 950
14

(249.5)(111e7%1)
14

=0.5

0.1 __ 14
55,389
14

55,389

—0.1t=1In

t =10(In 55,389 —1n 14)

~82.8
It will take about 83 years.

3s. ar =kP(M - P)
dt

J‘ dpP _
P(M - P)
g+ R _ 1
P M-P PM-P)
OM —-P)+RP=1
P=0,MQO=1

jkdz

1+111e% /14

1 1
J.[ﬂ-f' M ]dP=kz+C
P (M-P)

36. (a)

(b)

(V]
(d)

37. (a)

(b)

I(l+ ! de:MkHC
P

ln(M_P)=—Mkt—C
P

d_P:Ikd;

M-P

—In(M —-P)=kt+C
M—Pze_kt e €

Let e =A then P=M —Ae ¥

lim P(t)=M — Ae ¥ =M

t—00

When r=0.

This curve has no inflection point. If the
initial population is greater than M, the
curve is always concave up and
approaches y = M asymptotically from
above. If the initial population is smaller
than M, the curve is always concave down
and approaches y =M asymptotically
from below.

The regression equation is
232739.9

p=— 220077
1+14.582¢70-101

4

[-5, 70] by [-24000, 260000]

. 232,739.9 232,739.9
lim =

1014145820100 140
= 232,740 people.
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232,739.9

1+14.582¢70-101
2327399

225,000

¢ 01010~ 0.0024
~6.05

~20.101

(o 225,000 =

14.582¢70-1017 —

t

(d) ar =kP(M - P)
dt
=(4.352x 107’ )P(232,739.9 - P).

38. (a) The regression equation is
458791.8

141877170113

) lim 458,791.8 _458,791.8

15001 418,771 01130 140
~ 458,792

458,791.8

1+18.771¢ 0113
4587918 |

450,000

e 0130 = 0,001
—6.87

=
-0.113

(o 450,000 =

18.771 01131 =

(d) ar =kP(M - P)
dt

= (2.4626x10~7)P(458791.8 — P)

39. False; it does look exponential, but it

resembles the solution to
‘;—P =kP(100-10) = (90k)P.
1

= 60 orin 2010.

=60 or in 2010.

40.

41.

42,

43. D

Section7.5 419

True; the graph will be a logistic curve with
lim P(t) =100 and lim P(z) =0.

t—o0 t——o0

D; ﬂzo =300.

B; M =0.9, so at most 90% of the population

will be infected. The remaining 10% will not
be infected.

3 3
Ly
(x=-D(x+2)
A N B 3
x—1 x+2_(x—1)(x+2)
A(x+2)+B(x-1)=3
x==-2, B(-2-1)=3
-3B=3
B=-1
x=1, A0+2)=3
3A=3
A=1
-1

ILJF di=1n| XL
x—1 x+2 x+2

4. B

45.

(a) Note that k>0 and M > 0, so the sign of
P . .
‘;— is the same as the sign of
t

(M — P)(P—m). Form < P < M, both

M — P and P — m are positive, so the
product is positive. For P<mor P> M,

the expressions M — P and P — m have
opposite signs, so the product is negative.
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Pk
b) —=-—(M-P)P-
(b) 7 M( )P —m)

4P __k_1200-PyP—100)
dr 1200
1200 ar _
(1200— P)(P—100) dt
1100 dp_11,
(1200— P)(P-100) dt 12
(P-100)+(1200-P) dP _ 11
(1200— P)(P—-100) dt 12

Lo, 1 e n
1200—-P P-100) dtr 12

| 1 dP:_[Ekdt
1200-P  P—100 12

—~In[1200— P|+1n|P—100| =%k:+c

| 22100 1
1200-P| 12
P-100 _ ¢ 1k
1200-P
P=100 _ , tikin2
1200-P

P_100=1200Ae1 1kt/12 _APellkt/IZ
3 1200Aellk1/12 +100

P
1+ Ael 1kt/12

12004¢° +100
1+ Ae°
300(1+ A) = 12004 +100
300-100 = 12004 —300A
200 = 900A

(o 300 =

2
9
1200(%)(31 tl2 4 100

1_l_(;)ellkt/lz
9

1200(2)e" /12 1100(9)

300(8¢' K712 4 3)

P(t)=

P(t)=
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d) [rezmzezezzes

R

[0, 75] by [0, 1500]
Note that the slope field is given by

d—P=£(1200 P)(P-100).
dt 1200
Pk
e = (M-P)(P-
(e) 7 M( )P —m)
M dP _
(M —P)(P—m) dt
M M-m  dP _

M —m (M —P)P-m) dt
(P=m)+(M~P)dP _M-m
(M -PYP-m) dt M
[ 1 1 )dP M-m

+ —= k
M-P P-m)d M

I(MI—PJrPim)

~In|M ~P|+1n|P—m| ="k +C
| 2z Momy, o
M —-P
Pom _ c M-maim
M-P
P-m _ = A M—mktiM
M-P

P—m= (M _P)Ae(M—m)kt/M
P(1+ AeM —m)kt/M )= AMeM-mkiM

AMe(M —m)kt/M

P +m

1+A6(M —m)kt/M

AMe® +m _AM+m

1+ Ae° T 1+A
PO)1+A)=AM +m
A(P(0)—M)=m— P(0)
_m—-P0O)  PO)-m
- P(O)-M M —P(0)
Therefore, the solution to the differential equation is

P= AMMTRY 4 where A = PO—m
L+ AeM-mkiIM M - P(0)’

P(0) =

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.
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422 Section 7.5

46. (a) Let u=£; then x =au, dx=a du

a
d. d
I 2x2=I ;lzz

a” +x a“ +au
_aJ~du
T2 2

a

= ltan_l(u) +C
a

=ltan_1(£)+C
a a
(b) Let u=£; then x =au, dx=a du
a
J~ dx :J~ adu
2 g2
a du
aZI u2

1—
1 du

a y* -1

1+u

X

—lj‘;du
a’ (u+(u-1)
A B 1

il u-1_ -1
Aw-1)+Bu+1)=1
u=—1, A=2)=1

=—Inl%—|+C

=Lln Xra +C
2a |x—a

(¢c) Letu=a+x,du=dx

dx du 1 1
J‘(a-}_x)z qu u X+a

47. (a) j

(b)

48. (a)

(b)

S5x
(x+3)°
A B S5x
+ 2 2
x+3  (x+3)°  (x+3)
A(x+3)+B=>5x
x=3,B=-15
x=0, A(x+3)—15=5x
AB)-15=0
A=5

i 515
X+3 (x+3)

15 +C
x+3

dx

=5In|x+3|+

J- 5x3dx
(x+3)
A B c 5x
* P 3 3
(x+3)  (x+3)> x+3)° (x+3)
A(x+3)> +B(x+3)+C =5x
x=-3,C=15
A(x+3)2 +B(x+3)—15=5x
x=0,94+3B-15=0,B=5+3A

x=1,16A+4B—-15=5,B=5+4A
5+3A+5+4A

A=0
B=5+3(0)=5
5 15
- d
I((Hs)z (x+3)3] *

15
+ 2
x+3  2(x+3)

+C

This is true since
A B C
+ 2 + 3
x=1 (x-1D7 (x-1)
_A(x-D*+B(x-1)+C
(x-1)°

AGx =12 +B(x=1)+C = x> +3x+5
x=0,A-B+C=5
x=1 C=9
x=2, A+B+C=15
Then
A-B=-4
A+B=6

2A=2

A=1

B=5

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.



1 5 9 4.
«© I(x—ﬁ(x—l)”(x—lf]dx

S R TR B Ao

5 9
x=1 2(x-1)>2

Quick Quiz Sections 7.4 and 7.5

1. G y=yoek’
t=1,2= yOek

t=5, 3= yOeSk
S5k
3 e
_N0¢  _ 4k

k
2 yoe

In(3)
4
_In(3/2)

yo=2e 4 =1.807
(ln(3/2)'8j
r=8, y=1807¢" 4 =4.066

k:

2. C; F(x):j:cos(zz)dz
F)=0 = a=1
F(x) = jlx cos(12)dt

5
F(5) = jl cos(t2)dt =—0.293

[Use NINT (cos(xz), x,1,5) to evaluate the
integral.]

3. A: J‘L
T - (x+3)

A N B _ 1
x—1 x+3 (x-D(x+3)
A(x+3)+B(x-1)=1
x=-3, 4B =1

B=-1
4

Section 7.5 423

dP _P(10-P
dz_s[ 10 j
jd—szidz
P(10-P) 750
A, B _ 1

P 10-P P10-P)
A(10-P)+BP =1
P=10, 10B=1

B=0.1
P=0, 10A=1

A=0.1

I(E+—O'l de:iHC
P 10-P 50

IO;P =_lt_C
P 5
P:

ln‘
10

1+e—1/5te—C

10
PO)=3=——"-———
@ "R

A=233

10
lim P(tf) = ———————=10
O 2 33750

10

A=-05

lim P(t) = 10

— =10
o0 1+-0.5¢7130)

(c) Separate the variables.

d_Y:l 1_L dl
Y 5 10

2

my=2-L +¢
100

Y = Cel!5121100 of

where C =e¢
3=’ = C=3
Y = 3/5-12/100

/5

. 2 . 3¢

@ lim 3710 = jim ——
f—yo0 t—o0 et /100

3et/5
= lim
{300 (et/S )1/20
=0
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424  Chapter 7 Review
Chapter 7 Review Exercises (pp. 377-380)

1. I sec’ @ do= tan¢9|”/3

T
=tan——tan0
3

=+/3

4. Let u=1—x2, du =-2xdx, —du =2x dx
1 0
j 2xsin(1—x2)dx=—j sinudu =0
-1 0

5. Let u =sin x, du = cos x dx

w2 _ .
.[() 5sin>/?

1
= J. 5143/2 du
0

xcosx dx

1
_5.2,51
5 0

=2(1-0)
=2

. J-4 x2+3x

2 5 i

= (l x>+ SxJ
2

7. Letu=tanx, du= sec xdx

0

= oy
=el—¢

=e-—1

8. Letu=Inr, du :ldr
r

9.

N 1
Ie lnrdr=j u"? du
1 f 0
1

_2.3

0
(1-0)

2
3
2
3
1 X

02 4+5x+6
X

(x+3)(x+2)
A B X

dx

4

172

=G(16)+3(4)j—(—
= 20_(l+£j
8 8

/4
I ¥ gec? ydx = -‘-0 " du

0

x+3+x+2 B (x+3)(x+2)

A(x+2)+B(x+3)=x

x=-2, B(-2+3)=-2
B=-2

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.

(x+3)dx(x¢ 0)

1
2

(

1

4

)

3
+_
2

)



x=-3, A(-3+2)=—
~A=-3
A=3

_ 1
[ 3 4 22dx=1n(x+3)3—1n(x+2)2‘0

x+3 x4+
—In 256
243

10. dx

J-z 2x+6
U x?—3x
2x+6
x(x-=3)
A B 2x+6

X x—3_x(x—3)
A(x—-3)+Bx=2x+6
x=3,3B=23)+6

B=4
x=0, A(0-3)=2(0)+6
—-3A=6
A=-2

2-2

1 X X—

dx=-2Inx+4In(x-3)[}
=—6In2

11. Letu =2 —sin x, du = —cos x dx,
—du = cos x dx

coSx
J. x= —I du
—sin x

=—1n|u|+C
=—1n|2—sinx|+C

12. Letu=3x+4, du=3dx

la’u =dx
3
-1/3
= du
‘[\/3x+ 3'[
133, ¢
=%(3x+4)2’3+c

13.

14.

15.

16.

17.

Chapter 7 Review 425

Letu=1t>+5 du=2tdt
lduztdt
2
“+5 2
:—1n|u|+C
2
:lln‘t2+5‘+C
2
=11n(12+5)+C
2
Letu=l, du=—id9
2] o?
J‘Lsecltanldﬂ— J'secutanudu
9> 6 6
=—secu+C
=—secl+C
o
1
Letu=Iny, du=—dy
Yy

IM dy=_"tanudu

y
_J- sinu du
cosu

Letw=cosu
dw =—sinudu

=—fidw

w
=—1n|w|+C
:—ln|cosu|+C

= —1n|cos (In y)| +C

Let u=e*, du=e"dx
J.ex sec(ex)dx:Isec u du
= ln|sec u+tan u|+C

+C

=In ‘sec (e*)+tan (e*

Letu =1Inx, du=ldx
X

lenx _I du
—1n| |+C
=1n|1nx|+C

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.



426  Chapter 7 Review

dt dt
18. |—=|=+
.[ ¢ \/; t3/ 2
= [ ar
=224
__2 +C
N
19. Use tabular integration with f(x) = x> and
g(x) = cos x.
f(x) and its g(x) and its
derivatives integrals

P4y cosx
332 * sin x
6x }* —cos x
6 (\_)~ —sin x

0 \

COs x

_[x3 cos xdx
= x> sin x+3x2 cos x— 6xsin x —6cos x +C
20. Letu=Inx dv = x* dx
du=ldx v=lx5
X 5
x* lnxdx=lx5 lnx—‘.‘lx5 (ljdx
5 5 X

zlx5 lnx—ljx4 dx
5 5
1 1
=—XInx-——x +C
21. Letu=e* dv =sin xdx

du=3 dx  v=—cosx

Ie3x sin xdx = —e>* cos x + ISCOS xe>* dx

Integrate by parts again

Letu =3¢ dv =cosxdx
du =9¢> dx v=sinx
I &> sin xdx

= e cosx+3¢>F sin x —I9e3x sin x dx

22,

23.

10.[ > sin xdx = —>* cos x +3¢>* sinx+ C
Iesx sin x dx
1 .
= —O[—e3x cos x+3e>¥ sinx]+C
_ 3sinx cosx P
10 10
Let u = x> dv=e"3" dx
du =2xdx vz—le
Ixze_3x dx
1 _ _
=——x% 3x+%je 3y dx
3 3
Let u=x dv=e dx

du =dx p=——e

J-225 dx:_[ 25 dr
x° =25 (x+5)(x—5)
A N B _ 25
x+5 x=5 (x+5((x-5)
A(x—=5)+B(x+5)=25
x=5, B5+5)=25
10B =25

p=2
2

x=-5, A(-5-5)=25
~104=25

A=-2
2

_5 s B
[|—2+=2 dx = 210|222
x+5 x-5 2

x+5

+C
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4. |

25.

S5x+2 S5x+2
= —dx=]
2x“+x—1

A B S5x+2

—dx
Qx—D(x+1)

2x—1+x+1_(2x—1)(x+1)
A(x+1D)+BQ2x—1)=5x+2
x=-1, BQ(-D)-1)=5-1)+2
—3B=-3
B=1

j[ : +_Ljdx
2x-1 x+1
=%IH|2x—l|+ln|x+l|

=%1n‘(2x—1)3(x+1)2‘+c

d 2
oA P
x 2

2
dy ={1+x+%jdx

Idy=j{1+x+§]dx

y=x+lx2+lx3+C
2 6
y0)=C=1
——i+fi+x+1
Y76 T2

26.

27.

28.

Chapter 7 Review

2
(-t
dx X

1 2
dy =(x+—j dx
X

J‘dy=.[[x+§)2 dx
y= f[xz +2+l2jdx

X
13 -1
y=§x +2x—x " +C

y(l)=%+2—l+C=1

i+C:1
3
c=-1
3
3
X 1 1
=—42x————
Y73 X 3
ﬂ_ 1
dt t+4
1
dy =——dt
Y t+4
1
dy=|——dt
Iy L+4
y=In|t+4/+C
y=3)=In()+C=2
c=2

y=In(t+4)+2

ﬂ =csc26cot 26
do

dy =csc28cot260d6
Idy = IcchHcotZ&dH

y= —%CSCZQ-FC

T 1
Zl=—Z4c=1
y[J 2

c=2
2

y =—lcsc2¢9+E
2 2

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.
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29.

30.

Chapter 7 Review

460 _, 1
dx _x2

d(y')z(Zx—szdx
X

1
diy)=||2x——|d
Ja) = 2= Ja

y'=x2+x_l+C

y)=2+C=1
C=-1
y=xt+x1-1

[ay=[0?+x"" =Dax
y:%x3+lnx—x+C
y'=x2+x_l—l
Idyz'[(x2+x_1 ~1)dx
y=%x3+lnx—x+C
ﬂD=%+&d+C=O

—%+C=0
3

C=

SSERN)

X3 2
y=—+Inx—x+—
3 3

d(r”)
dt
d(r”)=—costdt
Id(r”) = '[—costdt
r”=—sint+C
r0)=C=-1

”_

r”=—sint—1
jd(r') = I(—sint—l)dt
r'=cost—t+C
F0)=1+C=-1
c==2
r'=cost—t—-2
jdrzj(cost—t—z)dt

t2
r:sint—?—2t+C

=—CO0S?

r(0)=C=-1
12
r=sint——-—2t—1
2

dy _
m—fdx

1n|y+2|=x+C
y+2=_Ce"
y=Ce* -2
y0)=C-2=2
Cc=4
y=4e* -2

32. ﬂ=(2x+l)(y+l)
dx
Dty dx
y+1

ﬂ:j(zxﬂ)dx
y+1

1n|y+l|=x2+x+C

2
y+1=Ce* ¥

X2+X -1

y=Ce
y-h=C-1=1
c=2

Px

y=2e

dy
33. == ya-
i yd-y)
dy
yd-y)
A B 1

y :: yd-y)
A(l-y)+By=1
y=1,B=1
y=0,A=1

11
[yt o=t

In|y|-In|l-y|=1+C

dt
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1

$(0)=0.1=———
1+ Ae™©@
A=9
1
y= -
1+9e¢
34. ] =0.001y (100-y)
dx
& =dx
0.001y (100—y)
A B 1

0.001 y " T00- y  0.001y(100—y)
A(100— y)+ B(0.001y) =1
y=100, B0.1)=1
B=10
y=0, 100A=1
A=0.01

| 001 10 ), o
0.001y 100-y

0001 1
j[—+—] dy =0.1x+C

0.001y 100—y
Iny—In[100-y|=0.1x+C
In ‘l()()_—y =—0.1x—C
y
@_1=e—0.1xe—c
y
100
Y 0ix
1+Ae ™
100
T )
A=19
= 100
1419¢701

3s. y:I:sin3tdt+5

36. y=j1x\/1+z4 dr+2

Chapter 7 Review 429
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38.

39.

40.
41.

42,

43.

44.

45.

46.

47.

Chapter 7 Review

y

Graph (b). Slope lines are vertical for points on the line y = —x.
Graph (d). Slope lines are vertical for points on the line y = x.

Graph (c). Slope lines are horizontal for points on the x- and y-axes. Slopes are positive in Quadrants I and
III. Slopes are negative in Quadrants II and IV.

Graph (a). Slope lines are horizontal for points on the x- and y-axes. Slopes are positive in Quadrants II and
IV; negative in Quadrants I and III.

d d
(x,y) d—z:x‘*)’_l Ax Ayzd—iAx (x+Ax,y + Ay)
1,1 1.0 0.1 0.1 (1.1, 1.1)
(1.1, 1.1) 1.2 0.1 0.12 (1.2,1.22)
(1.2,1.22) 1.42 0.1 0.142 (1.3, 1.362
y=1.362
dy dy
Wy | =Xy | A | Ay=gpAY | (et Ay + Ay)
(1,2) -1.0 -0.1 0.1 (0.9,2.1)
0.9,2.1) -1.2 -0.1 0.12 (0.8, 2.22)
(0.8,2.22) -1.42 -0.1 0.142 (0.7, 2.362
y=2.362

sin x sin x

We seek the graph of a function whose derivative is . Graph (b) is increasing on [—7, 7], where

X
is positive, and oscillates slightly outside of this interval. This is the correct choice, and this can be verified
sin x

by graphing NINT [
X

X, 0, x .

We seek the graph of a function whose derivative is e=**. Since e~*>> 0 for all x, the desired graph is
increasing for all x. Thus, the only possibility is graph (d), and we may verify that this is correct by graphing
NINT (e—**, x, 0, x).

(iv) The given graph looks the graph of y = x2, which satisfies Z—y =2x and y(1)=1.
X
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48. Yes, 2220, s0 D= . Since y(0)=1,
d_xz dx

?=I.Then y=[ldx=x+C. Since
x

y(0)=0, C =0.

y=Xx1is a solution.

2. @ Yooie
dt
Idv:I(2+6t) dt

v=2t+32+C
Initial condition: v = 4 when ¢ =0
4=0+C
4=C

v=2t+3t> +4

(b) j;v(z) dt = I;(Zt +362 +4) dt

=[ 2+t3+4lJ
=6-0
=6

The particle moves 6 m.

1
0

50.

[

51. (a) Half—life:%

= 0.262059

(b) Mean life = % = 3.81593 years

52. T-T,=(Ty-T,)e ™
T —40 = (220—40)e ™

Use the fact that T =180 and ¢ =15 to find k.

18040 = (220 — 40)e~ 1
615k=@=2
140 7
1.9

k=—1In—
15 7

53.

54.

Chapter 7 Review 431

T —40 = (220_40)6—((1/15) In (9/7))t
70— 40 = (220 —40)e~ (/19 I O/t

L5 In O/ T)r _ 180 _ 6
30

(i In 2)1 =In6
15 7
_15In6
T In(9/7)
It took a total of about 107 minutes to cool

from 220°F to 70°F. Therefore, the time to

cool from 180°F to 70°F was about
92 minutes.

=107 min

T-T, = (Ty=Tye
We have the system:
39-T, = (46—T,)e %
33T, = (46—T,)e >k
Thus, 97T g0k g 37T _ 20k

46T, 46T,
—10k\2 _ 20k
) =e

Since (e , this means:
2
39-T, | 33-T;
46T, 46T,

(39-T,)* =(33-T,)(46-T,)

1521-78T, + T2 =1518—79T, +T>
T, =-3

R
The refrigerator temperature was —3°C.

See Examples 3 and 5 in Section 7.4. Use the
fact that the half-life of C-14 is 5700 years to
find k:

1 _ -ks700)
2
1
In (—j =-5700 k
2
(3 mo
-5700 5700

The painting contains 99.5% of its original
Carbon-14.

(_ In2 [J
0.995 = ¢\ 2700
In2

5700
5700
In

The painting is about 41.2 years old.

1n(0.995) = ———¢

t=-—

In(0.995) = 41.2

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.
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55. Since 90% of the Carbon-14 has decayed, 10%
remains. We showed in Problem 54 that, for

Carbon-14, k = ﬂ
5700

(_ In2 t]
0.10=¢" 2700
In2

5700

t= —mln(o.lo) =~ 18,935
In2

1n(0.10) = —

t

The sample is about 18,935 years old.

56. User= 1988 — 1924 = 64 years.
250 % = 7500

664}’ — 30
64r =1n 30

_In30_ 4053

r

The rate of appreciation is about 0.053, or
5.3%.

57. L= loe_kx where x represents the depth in

feet and L is the surface intensity.

When x = 18 ft, L=%lﬂ, SO

1 —k18
St =1Loe
I_ ks
2
ln(l =—18k
2
() _m2
-18 18
We want to know the depth at which
1
L=—
10[0
In2
L= 1
10
( In2 ]
—-—X
0.1=c '8
In2
In(0.1) =———x
0.1 T
18

x=———In(0.1) = 59.8.
In2

You can work without artificial light to a
depth of about 59.8 feet.

58. (a)

(b)

59. (a)

(b)

()]

dy kA

5oV (c=y)
[y
c—y \%

—1n|c—y|=%t+C

kA
Injc—y|=——1-C
le=y=-%
o= y] = e AN I=C
-y =+ (AVI=C
y =t AMI-C
y=c+ De~ KAV
Initial condition y = y, when t =0
Yo=c+D
yo—c=D

Solution: y =c+(yy — C)e—(kA/V)t

lim y(¢) = lim [c+ (Y, _C)e—(kA/V)z] —c
t—oo

t—00

150 150
P() = =
1+e4.3—[ 1+e4.3e—t

Thisis P = . where M =150,
1+ Ae MK

A:e4'3, and k = L Therefore, it is a
150

solution of the logistic differential

equation.

d—P =kP(M - P), or
dt

ar = LP(ISO—P).
dt 150

The carrying capacity is 150.

p(o):izz

1+e*3
Initially there were 2 infected students.

150

1+e*3

=125

=1+e*3

— e4.3—t

—In5=43-¢
t=4.3+1In5=5.9 days.
It took about 6 days.

| = |
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60. Use the Fundamental Theorem of Calculus.

,_i(
Y dx

=(sinx%)+(3x2 +1)

Igsintzdtj+%(x3 +x+ 2)

V= i(sin X2 +3x2 +1)
dx

= (cos x>)(2x) + 6x
=2x cos(xz) +6x

Thus, the differential equation is satisfied.
Verify the initial conditions:

¥(0) = (sin0%) +3(0)% +1=1
0. 2 3
y(0)=j0sm(r )dt+0° +0+2=2

61. P _oo002p[1--L
dt 800
ar _ o.oozp(goo_Pj
dt
_ 800 b~ 0.00241
P(800— P)
A B 800

P S00_P  P(800—P)
A(800 — P)+ BP =800
P=0,A=1
P=800,B=1

j(l T de:I0.002dt

P 800-P
In|P|-1n[800— P| =0.002 +C

In P =0.002t+C

800— P
In SOZ_P =-0.002t—C

800=P|_ ~0.002t-C
P
800-P
P
800, _ 40002

_ 4,=C 00021

800
P=——
1+ Ae—O.OO2t
Initial condition: P(0) =50
800
1+ Ae°
1+A=16
A=15

50 =

800

Solution: P = W

62.

63.

64.

65.

Chapter 7 Review 433

Method 1-Compare graph of y; = x% In x with

x3

3
vy, = NDER [“% —?J .The graphs

should be the same. Method 2—Compare graph

Py

39
The graphs should be the same or differ only
by a vertical translation.

of y, = NINT(x? In x) with Vo =

(a) 20,000 =10,000(1.063)"
2=1.063"
In2=¢In1.063
In2

" In1.063
It will take about 11.3 years.

=~11.345

(b) 20,000 = 10,000¢°-063
5 _ 0063

In2 =0.063¢

r=202 11002
0.063

It will take about 11.0 years.
@ £ =2 ) di=ux)
dx 70
=L j “u(t) dr = u(x)
g dx 3

(b) C=fx)—gx)
= j; u(t) dt — f; u(t) dt
= j; u(t) dt + _[ju(z) dt
= j()3 u(t) dt

(a) The regression equation is
272286.4

y= :
1+302.69¢ 70209
The graph is shown below.

M) lim 272,286.4

100 1 +302.69¢0-209%
_272,286.4

1+0
= 272,286 people.
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66.

67.

Chapter 7 Review

(0

(d)

(a)

(b)

(©)

(a)

(b)

‘;—P =7.694x107 P(272286.4—P)
t

The carrying capacity drops to 267,312.6,

which is below the actual 2003
population. The logistic regression is

strongly affected by points at the extremes

of the data, especially when there are so
few data points being used. While the fit

may be more dramatic for a small data set,

the equation is not as reliable.

T =79.961(0.9273)

[-1, 33] by [-5, 90]

Solving T'(¢) = 40 graphically, we obtain
t =9.2sec. The temperature will reach
40° after about 9.2 seconds.

When the probe was removed, the
temperature was about 7'(0) = 79.76°C.

% of the town has heard the rumor when

it is spreading the fastest.

[ &y =[12d

y1-y)
A B 1
—_—t—=
y I-y y(-y)
A(l-y)+By=1
y=0,A=1
y=1,B=1
j(LL]dy:jl.zdt
y 1=y
In|—2{=120+C
1-y
y =ecel.21
I-y
I-y _ e—ce—l.2t
y
1=y _ 12
y
. 1
1+Ae_1'2t

(V]

68. (a)

(b)

(0

69. (a)

(b)

(0

1 1
y0)=—=
10 1+4¢°
A=9
1

y = —
1+9¢7 1%

1 1

2 14901
Solve for ¢ to obtain

t= BLE =~1.83 days.

ap
dt

to obtain
dP

600—P
dP

P —600
In|P—600| = —kt +C;
P-600=Ce
200—600 = Ce® = C =400
P — 600 = —400¢ ¥
P(t) = 600 — 400e

= k(600— P). Separate the variables

= kdt

= —kdt

500 = 600 — 400e %2

k=In2=0.693

lim (600 — 400e %3y = 600

f—>o0

Separate the variables to obtain
dv

v+17

In|v+17| = -2t +C,
v+17=Ce™

47+17=C® = C=-30
v+17 =—-30e>

v=-30e"2 -17

=-2dt

lim (—306_2t —17) =—17 feet per second

t—00

—20=-30e"2 -17

t= 1n210 =~1.151 seconds
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